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Rates of living cells growth and of substances’
concentrations changes
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q mass of living cells [kg], km  molecular weight of the

k  th ikA substance 3[kg/m ],

t time [s], i  the rate of the i  th reaction

[1/s],

 ikF c  the rate coefficient of a

biochemical reaction [1/s],

  density of the system “living

cells-substrate” 3[кг/м ]

ikc concentracion of the k  th

substance [kg/kg] in the i  th



The rate coefficient of a biochemical reaction
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K  the rate coefficient of a
biomass growth,

B  the rate coefficient of a
biomass decline,
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Chemical transformations
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,ik ik    stoichiometric

coefficients of the k  th
substance before and after
reaction respectively

Biochemical transformations
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,ik ik   stoichiometric coefficients

of the k  th substance before and
after reaction respectively

ikA  chemical symbol of the k  th substance in the i  th

reaction, 1,..., ik N ; 1,...,i n



Resulting equations
The growth equation (it is derived under the condition of
constancy of initial concentrations of substrate components):
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The dose-response equation (it is derived under the condition
of constancy of time):
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  – the geometric mean of concentrations of

components.



Modelling of microbial growth 

and dose-response.

expB k
q t

t
   

  
 

expB K
q z

z

  
   

 



0 1 2 3

q'''

-4

-2

0

2

4

6

t, ñóòêè
17,960 17,961 17,962

q'''

-200x10-9

-100x10-9

0

100x10-9

200x10-9

Singular points Interval q 'q ''q

0t  beginning of intensive growth 0 1t t t  + + +

1t  concavity to the left of maximum 1 2t t t  + + +

2t  nflection to the left of maximum 2 3t t t  + + –

3t  convexity to the left of maximum 3 4t t t  + + –

4t  time of maximum biomass 4 5t t t  + – –

5t  inflection to the right of maximum 5 6t t t  + – +

6t  concavity to the right of maximum 6t t + – +

Analyzing 

singular

points.



Six singular points separate seven growth phases.



Career on extraction of iron ore near to Gubkin and Stary Oskol in Russian Federation.



Career on extraction of iron ore near to Gubkin and Stary Oskol.



Career on extraction of iron ore near to Gubkin and Stary Oskol.



Relief map.



Slopes.



Aspects.



The concentration of components (ppm) in the soil at the monitoring sites (№)



Seasonal dynamics of NDVI on 

monitoring sites of the reserve 

"Yamskaya steppe" in 2015

Figure in the upper left corner – site 

code, 

points – experiment, 

solid line – by growth equation, 

dotted – confidence intervals for the 

model.



Seasonal dynamics 

of NDVI on 

monitoring sites of 

the reserve 

"Yamskaya steppe" 

in 2016

Figure in the upper left 

corner – site code, 

points – experiment, 

solid line – by growth 

equation, dotted –

confidence intervals for 

the model.



Parameters and special points of the model of seasonal dynamics of 

NDVI in 2015 for monitoring sites in the reserve " Yamskaya steppe".



Parameters and special points of the model of seasonal dynamics of 

NDVI in 2016 for monitoring sites in the reserve " Yamskaya steppe".



Response of NDVI to the concentration of 

heavy metals Z in soil in 2015.
Date of determination, in weeks, is indicated on 

the ordinate) (points correspond to the monitoring 

sites in the reserve "Yamskaya steppe", solid 

lines – dose dependence, dotted lines –

confidence intervals for the model.



Response of NDVI to the concentration of heavy metals Z in soil in 2016.
Date of determination, in weeks, is indicated on the ordinate) (points correspond 

to the monitoring sites in the reserve "Yamskaya steppe", solid lines – dose 

dependence, dotted lines – confidence intervals for the model.



Parameters and singular points of the equation of NDVI response on the 

resulting concentration of heavy metals Z in the soil for two seasons (2015, 

2016) in the reserve "Yamskaya steppe".



The dependence of basal respiration on the concentration of metals in the soil



The dependence of substrate-induced respiration on the concentration of metals 

in the soil



Generalization of the dose-response equation
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Combined graph of NDVI (Row 3), basal respiration (Row 1), and substrate-

induced respiration (Row2) versus resultant heavy metal concentrations in soil (in 

normalized variables)
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Results:  

1. The growth equation is adequate to experimental data on the seasonal 

dynamics of the vegetation index NDVI in the vicinity of mine working.

2. The dose-response equation is adequate to the experimental data on the 

dependence of the vegetation index NDVI  at a fixed time on the resulting 

concentration of substrate components.

3. The dose-response equation is adequate to the experimental data on the 

dependence of the basal and substrate-induced respiration in soil at a fixed 

time on the resulting concentration of substrate components.

4. Normalized values of the substrate induced respiration and vegetation index 

for the same soil samples from the vicinity of mine working are generalized 

in the framework of the theoretical model.



Сonclusion:

1. Seasonal dynamics of the NDVI at all monitoring sites is a subject to the laws 

of conservation of mechanics and macroscopic kinetics of biological reacting 

systems. This means that the six singular points of the model separate seven 

growth phases posessing characteristic features of macroscopic kinetics.

2. This also means that at a fixed time in the phase plane, the dose-effect 

biological response (in the form of NDVI or microbial soil respiration) to the 

increasing concentration of the leading components of the substrate first 

naturally increases, reaching a maximum, and then decreases.

3. Such a natural change in the biological response to the increasing impact 

makes it possible to identify the threshold concentration of toxicants and to rank 

soils according to the content of pollutants on the basis of singular points of the 

model.



Thank you for listening.


